Abstract. We have shown recently that the space of modular forms, the space of generalized Dedekind sums, and the space of period polynomials are all isomorphic. In this paper, we will prove, under these isomorphisms, that the Eisenstein series correspond to the Apostol generalized Dedekind sums, and that the period polynomials are expressed in terms of Bernoulli numbers. This gives us a new more natural proof of the reciprocity law for the Apostol generalized Dedekind sums. Our proof yields as a by-product new polylogarithm identities.
Introduction
In the previous paper [2] we have shown that the space M 2k of modular forms of weight 2k on SL(2, Z) is naturally and bijectively mapped to the space of even (resp. odd) Dedekind symbols which have polynomial (resp. Laurent polynomial) reciprocity law of degree 2k − 2. We have also shown that the polynomials which appear in the reciprocity law coincide with period polynomials of the modular forms. We may illustrate the situation as follows: the space of modular forms of weight 2k ↓ ∼ = the space of even (resp. odd) generalized Dedekind symbols with polynomial (resp. Laurent polynomial) reciprocity law of degree 2k − 2 ↓ ∼ = the space of odd (resp. even) period polynomials (resp. Laurent polynomials) of degree 2k − 2.
Since the Eisenstein series are the most typical modular forms, it should be interesting to know which generalized Dedekind symbols might be assigned to them in the correspondences described above. In this note we will address this question and give a complete answer to it. We will show that the Eisenstein series of weight 2k correspond to the (2k − 1)-th Apostol generalized Dedekind sums [1] . Furthermore, we will prove that Laurent polynomials in the reciprocity law are related to the Hirzebruch L-polynomials (refer to Zagier [6, p. 158] ), which are familiar objects to topologists. These correspondences may be schematically expressed as follows:
the Eisenstein series of weight 2k
where and hereafter B n denotes the n-th Bernoulli number. This provides us with a natural alternative proof of the Apostol theorem [1, Theorem 1] on the reciprocity law of his generalized Dedekind sums (Theorem 6.4). This also presents another example of relationships between modular forms and topology of manifolds mentioned in Hirzebruch-Berger-Jung [4] (see also [3] and [5] ). In the course of the proof of the above correspondences, we also obtain new polylogarithm identities (Theorem 5.2). The polylogarithm function
for |z| < 1, and then continued analytically onto C − [1, ∞). Note that Li k (1) = ζ(k) with the Riemann zetafunction ζ(s). Our identities are
for positive integers p, q such that (p, q) = 1.
Dedekind symbols associated with modular forms
Throughout the paper, let k denote a positive integer. Let M 2k denote the space of modular forms of weight 2k. For f ∈ M 2k , let f(τ) = ∞ n=0 a f (n)e 2πinτ be its Fourier expansion. The generalized Dedekind symbol D f associated to f was first defined in [2, Definition 7.1]. Here we will give another expression for D f . Let p, q be integers such that p ≥ 1 and (p, q) = 1. We introduce a function A f :
It is easy to see that A f (s; p, q) is well defined for (s) 0 and has a meromorphic continuation, say A * f (s; p, q), to all s ∈ C. More explicitly, we have
(t 0 > 0 arbitrary). The right-hand side of (2.1) is independent of the choice of t 0 . It is plain that, using (2.1), D f (p, q) can be rewritten as:
Dedekind symbols associated with the Eisenstein series
In this section we will obtain an explicit form for D f (p, q) when f is the Eisenstein series of weight 2k. Let G 2k denote the Eisenstein series of weight 2k. It is well known that G 2k has the expansion:
The result is formulated as follows. Proposition 3.1.
Proof. First we calculate A G 2k (s; p, q).
where ζ(s, α) denotes the Hurwitz zeta function.
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(2k − 1; p, q), taking s = 2k − 1 in the equation above, we obtain
Now noting that ζ(0, l/p) = −B 1 (l/p) = −(l/p − 1/2) and
we have
This completes our proof.
Reciprocity law for D f (p, q)
Let us recall the definition [2, Definition 7.2] of R(f )(p, q) for f ∈ M 2k . To ease notations, we simply write R f (p, q) for R(f)(p, q) in what follows.
For f ∈ M 2k , let L f be defined by:
Then L f (s) is well defined for (s) 0 and has an analytic continuation, say L * f (s), to all s ∈ C. More explicitly, we have
Proof. Expand the term (pτ − q) k−2 in the right-hand side of (4.1). Then arrange the terms according to the degrees in p. This gives the formula we are after.
Reciprocity law for
Proof. (This is essentially due to Zagier [7] .) We use the well known fact that
From (4.2) and Lemma 5.1 above, we can deduce a new polylogarithm identity.
Theorem 5.2. For positive integers p, q such that (p, q) = 1, the identity (1.1) holds.
Proof. We obtain the following equation from Proposition 3.1, Lemma 5.1 and the identity (4.2) for G 2k :
The assertion of the theorem then follows from this.
Corollary 5.3. For a positive integer p, set ξ = e 2πi/p . Then we have
Apostol generalized Dedekind sums
Recall that any generalized Dedekind symbol D(p, q) splits uniquely as
In this section we will show that the odd part of D G 2k (p, q) is essentially the Apostol generalized Dedekind sum and that Theorem 5.2 corresponding to the odd part is the Apostol reciprocity law.
LetB p (x) denote the p-th Bernoulli function which is given by the Fourier expansionB
For 0 ≤ x < 1,B p (x) reduces to the p-th Bernoulli polynomial. For integers h, k such that (h, k) = 1, Apostol [1] introduced the p-th generalized Dedekind sums s p (h, k) by
(µ/k)B p (hµ/k).
The sum s p (h, k) coincides with the original Dedekind sum when p = 1. Apostol proved the reciprocity law for these generalized Dedekind sums: 
